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Time Integration in PFEM

Motivation

e Understand the different time integration schemes.

e Study the influence of time integration methods in PFEM.
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Some time integration schemes in dynamic problems

Linear momentum equation

Mv +Kv —DTp = !

PFEM Framework:

* Incompressible Newtonian Fluid
* PSPG stabilization
* Piccard Algorithm
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Some time integration schemes in dynamic problems

Linear momentum equation

Mv +Kv —DTp =

P
Where : dV(X )

v(t,x")

integration : /dV = / t Xp

tn+1
Time discret. : Vn+1(XE_|_1) — Vnp (Xg) — / V(T, XE)dT
t

n

Time step : At = tn—l—l — ln
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Some time integration schemes in dynamic problems

Linear momentum equation

Mv +Kv —DTp =

Where : - (t Xp)
integration : /dX = f t Xp
n+1
Time discret. : E+1 — Xg — / V(T, XE)dT
t

Time step : At = tn—l—l — ln
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Some time integration schemes in dynamic problems

Exact expression for integrating state variables:

tnt1
Vit (1) = va(xP) + / ¥ (r, x)dr
t

n

tnt1
P _ P P
Xy = Xp + / v(T,xP)dr
tn

v(7,xP) and v(7,xP) are unknown time- and space-dependent functions.

v(7,xP) and v(7,%x2) need to be approximated. (Accuracy will depend on the
accuracy of the approximation function, on the time and space discretization).
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1) Assume v(7,xP) constant between [tn, tnt1]and around xP

1.a) Assume V(7,XP) = v(t,,xP) = vy

Integrating the acceleration:

(Explicit)

tnt1
Vi (i) =valx) + [ ¥udr
t

n

Vn-l—l(XEJH) = vu(x}) + At vy

Integrating the velocity function:

tnt1
P _ D P
X, = Xh —l—/ v(T,x2)dr
tn

(Forward Euler / Runge-Kutta)

tnt1
X, = xb + f Va(xP) + (7 — t)vn (x2)dr
tn

o
|

2

2
=xP 4+ At vy (xP) + A—t\'fn

(x3)
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1) Assume v(7,xP) constant between [tn, tnt1]and around xP

1.b) Assume V(T, XE) — V(tn_|_1, XE—H) = Vn+1 (Implicit)

Integrating the acceleration:

tnt1
Vn+1(XE+1) = vn(x}) _|_/ Vit1dT
t

n

Vnt1 (Xﬁ—l—l) = Vp (XE) + At v (Backward Euler)

Integrating the velocity function:

tnt1
P _ D P
X, = Xh —l—/ v(T,x2)dr
tn

tnt1
X =X+ [ VaG) (7 ) ()T
tn

. o AR 5
— Xn -+ At Vn(xn) + —Vﬂ‘l—l(xn—|—1)
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1) Assume v(7,xP) constant between [tn, tnt1]and around xP

1.c) Assume V(T, XE) — V(tn_|_1, XE—H) = Vn+1 (Implicit)
v(7,x2) = V(tnt1, X5 41) = Vot

Integrating the acceleration:

tnt1
Vn+1(XE+1) = vn(x}) _|_/ Vit1dT
t

n

Vnt1 (XE_H) = Vp (Xg) + At v (Backward Euler)

Integrating the velocity function:

tnt1
P _ D P
X, = Xh —l—/ v(T,x2)dr
tn

tnt1
p __ P p
Xn+1 = Xp _I_/ Vn+1(Xn+l)dT
tn

P <P P Backward Euler
Xn+1 = Xn + At Vﬂ—l-l(xn) ( )
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1) Assume v(7,xP) constant between [tn, tnt1]and around xP

1.a) Assume V(7,XP) = v(t,,xP) = v,

(Explicit)
Vi1 (Xp41) = Va(xh) + At vy, Xy = Xh + At v (xD) + Tvn(xp)
1.b) Assume V(’T Xp) (tn+1, n+1) = Vn+1 (Implicit)
(Xn41) = va(x}) + AL P4 AL va(xP) 1+ B8 xP
Vn+1(Xpy1) = VnlXy Vn+1 n+1 Xy + At vy(xp) + TVnJrl( nt1)
1.c) Assume V(’T Xp) (tn+1, n+1) — Vn+1

V(T x2) = V(tus1, X0, 1) = Vot

Vn-l—l(XEJrl) = vn(x}) + At Vi

(Implicit)

p
Xn—l—l

= Xy + At Vi (x3)
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1) Assume v(7,xP) constant between [tn, tnt1]and around xP

1.d) Assume V(Tv XE) — (1 _ 'Y)Vn + Vn+1 (Generalized mid-point rule)*
(v = 1/2, trapezoidal rule)*
(y = 0, Forward Euler)*

Integrating the acceleration: (v =1, Backward Euler)”

Vo1 (Xpiq) = Vo + (1 —79) At vy + 7 At Vi

Integrating the velocity function:

At? At?
Xp41 = Xy, + Atvy + (1 - W)Tvn + 7Ty Vol

* Lovrié, A., Dettmer, W. G., Kadapa, C., & Peric, D. (2018). A new family of
projection schemes for the incompressible Navier—Stokes equations with
control of high-frequency damping. CMAME, 339, 160-183. FernandezE, 5/11/2021  /Slide 13



1) Assume v(7,xP) constant between [tn, tnt1]and around xP

1.e) Assume V(T Xp) (1 — ’}/)Vn + 7y Vn+1 (for velocites)
(Newmark)

V(T Xp) (1 — 25)Vn + 25 Vn+1 (for displacements)

Integrating the acceleration:

Vn—l—l(XE+1) = Vp + ( )At Vn + fYAt VIl—|—1

Integrating twice the blue acceleration function:

At? At?
X; 1 = Xb 4+ Atvy, + (1 — 25)—Vn + QB—VHH
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1) Assume v(7,xP) constant between [tn, tnt1]and around xP

1.f) Assume v(7,x2) = (1 — )V, + 7 Vi1 (for velocites)

(Newmark)
v(T,x2)

(1 — 25)Vn + 25 Vn+1 (for displacements)

Weighted or Interpolated state variables:

Vn—l—am (1 _ Oém)vn + 07%%) Vn—l—l

(Generalized a-Method)*
Vnta; = (1 — Oéf)Vn + af Vinii Poo : Spectral radius

To be used in:

M Vn—l—am + K Vita; — DTp =

* Lovrié, A., Dettmer, W. G., Kadapa, C., & Peri¢, D. (2018). A new family of
projection schemes for the incompressible Navier—Stokes equations with

control of high-frequency damping. CMAME, 339, 160-183. FernandezE, 5/11/2021  /Slide 15



Time Integration : Generalized a-Method in PFEM

PFEM Framework:
* Incompressible Newtonian Fluid
* Velocity-Pressure formulation
* PSPG stabilization
* Piccard Algorithm

* Newmark Integration:

Vatr1(Xpy1) =Va + (1 —7) At vy + Yy AL Vg

At? At?
X; . = Xb + Atvy, + (1 — QB)TVH + QBTVHH

 a-Method: (1 — Q{m)vn + Qyp, \.fn—|—1

Vn—l—am

Vita, = (I —ayp)vy +ayp v

Fernandez E,
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Time Integration : Generalized a-Method in PFEM

1

Working (1) : \'fn+1 = ~ AL (Vn—l—l ) (1/')/ — 1) (5)
(5)in(3): Vnta, = OZ”t (Va1 — V) + (1 — am /7)) Vi (6)
(4) and (6) in : M Vuta,, + KViia, — DTp =

... yields : M—Avn+1 —|—KQ{f Vintl — DTpn+1 —
Y (7)

Fext M (an (1— oam/fy)\'fn) +K(af—1)v

(In blue the added terms w.r.t. Backward Euler integration scheme)
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Time Integration : Generalized a-Method in PFEM

PFEM Framework:

* Position-Pressure formulation

* Newmark Integration:

Vatr1(Xpy1) =Va + (1 —7) At vy + Yy AL Vg

At? At?
X; . = Xb + Atvy, + (1 — QB)TVH + QBTVHH

* a-Method: - - :
Vnta,, — (1 — Qfm)vn + Qi Vit

Vita, = (I —ayp)vy +ayp v

Fernandez E,
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Time Integration : Generalized a-Method in PFEM

from (2): Vni1 = ! (Xn+1 —Xn) — 55— Vn + (1 — —> Vn (5)

(5)in (1) : Vi1 = —— (Xnt1 — Xn) + 5_7vn+ (2’6_’0 Atv,  (6)

: - Uy, Qm \ .
(5)in (3): Vnta, = BAL (Xpnt1 — Xn) — @Vn + (1 — %) vn (7)

(6) in (4):
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Time Integration : Generalized a-Method in PFEM

... yields :

M

B At? (Xnt1 =

fext M Xm 0 — 1_Oé_m Vi K w— n — (& At 1—A_ n
i (/fAtV ( 2[3)V)+ (( o) 25) "

(In blue the added terms w.r.t. Backward Euler integration scheme)
(In red the added terms w.r.t. a-Method integration scheme in a velocity-pressure formulation)
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Time Integration : Generalized a-Method in PFEM

Summary
Backward-Euler & Velocity-Pressure
1 1
M —v +Kv — DT = ' 4L M —v
Ay VntH n+1 Pn+1 + AL
a-Method & Velocity-Pressure
M —Vn+1 + K Qf Vni41 — DTpn+1 —
v At
fet 4+ M (—Vn (1— ozm/fy)\'fn) +K(af—1)v
v A
a-Method & Displacement-Pressure
Oy QY
M BAL (Xn+1 —Xn) + K BfAt (X1 —Xpn) = DTpni1 =

fext M Vi, l_a_ .1’1 K w—l n — & At 1—; n
+ (“SAt ( 23>V)—|— (( 5 \Y% Qf 25 \Y%
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Nonlinear algorithm for Velocity-Pressure formulation

Backward-Euler

Known: X, Vn, Vp
1) Setk=0
2) Initial guess: X = Xp

a-Method

Known: Xn, Vn, Vp
1) Setk=0
2) Initial guess: Xp = Xp

3) While (convergence is not reached)

3.1) Compute:
Ak (Xk, Vi)

bpEg (XK, Vi, Vk)

3.2) Solve . ABE an+1 = bBE
3.3) Update :Xi = X, + At Vi1

3.4) Set k=k+1

3) While (convergence is not reached)

3.1) Compute:
AAM(Xka Vi, 7, /89 O s Oéf)

bAM(XkakaVna‘}naf}/aBaamvaf)

4) Set : On+1 = gk
Update: x,11 = x, + At v
5) RE-MESH (if necessary)

3.2)Solve  :AaMQnt1 = bawm
3.3) Update : Xj using Newmark
3.4) Set k=k—+1

4) Set : Qn+1 = Yk

Update: Xp+41 using Newmark

5) RE-MESH (if necessaré;)
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2. Results comparison:
Backward-Euler & a-Method
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Comparison of time integration schemes

Test case : Flow between 2 plates.

9 m (Velocity data) N
T, l cecseses A
BRI SIS SIS SIS SRS I PSSP PSSP PII S PSP ES IS PSS PSPPI PPI PP RPIPEDIPRSPPIESIP B M S

] |
' 10 m
- : ® ® o Fixed
Num. Inltla! Particles :1138 06 Frec
Input velocity :1m/s Inout
: : 3 pu
Density : 1000 kg/m Output
Dynamic viscosity : 50 Pa s.
Simulation span : 5 seconds
Initial time step : 0.0001

Maximum time step
(7 cases)

: 0.00025, 0.0005, 0.001, 0.002, 0.004, 0.008, 0.016
[ At , 20t , 4At, 8 At, 16At, 32At, 64At]
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Flow Between 2 plates : Results (BE and aM)

Backward-Euler

Backward-Euler

—————— Analytical
dt = At = 0.00025
dt= 2At
dt= 4At
dt= 8At
dt= 16At
dt= 32At
dt= 64At

1 1

0.2

0.4 0.6
y-coordinate

Uy

a-Method

T

T

T

T

T

T

T

T

T

T

T

Alpha-Method p,, = 0.99

T

—————— Analytical
dt = At = 0.00025
dt= 2At
dt= 4At
dt= 8At
dt= 16At
dt= 32At
dt= 64At

0.2 0.4 0.6 0.8
y-coordinate
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Flow Between 2 plates : Results (BE and aM)

60 —mM
Backward-Euler
- a-Method (ps = 0.99)
40 ¢ /..., Generally, in this test case,
“““““ " a-Method matches the
30 L accuracy of Backward-
__________ Euler even using twice the
oL T time step of Backward-
Euler.
10 - L
0 1 L o 1 i 1 L L L 1 L
At 2At 4At 8At 16At  32At  64At
Time Step
(log scale)

«) — 1.
error = |max(\1 E)) 5| x 100
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Flow Between 2 plates

-4
55 x10
2t Backward-Euler
_ At = 0.00025
o 15}
2ol
E
0.5
O 1 1 1
0 0.5 1 15
step n
100 —
| Histogram
0L |
& 60f
n 40
o Lt
0 1At

Time step [s]

2.5

Time step [s]

o
&

100

80 +

Steps [%]

20 +

: Results (BE and aM)

=
(%)
T

=
’

60 +

40 -

><10_4
a-Method
Atq = 0.00025
0.5 1 15
step n
Histogram
0 1At

Time step [s]




Steps [%]

Time step [s]

Flow Between 2 plates

w

o

100

80 +

60 -

40 -

20 |

N

=

-3

4 210"
5 L

: Backward-Euler
3F.

: At ., = 0.004
5F.
27
51
1t
)
O 1 1 1 1 1 1

0 200 400 600 800 1000 1200
step n
Histogram

Time step [s]

16A¢t

: Results (BE and aM)

4 <107
3.5
5 a-Method
At = 0.004

N
O}

o
O}
\“I“". T T T T

Time step [s]
=
(S, N

=

o

o

100

200 400 600 800 1000 1200
step n

Steps [%]

80| !
60| !
10} |

20/ !

Histogram

0 16A¢

Time step [s]




Flow Between 2 plates : Results (BE and aM)

0.016

0.014
0.012

5 0.01}

o

)
% 0.008 |

job)

g

= 0.006 1

H

0.004

0.002

0

100

. Backward-Euler
Atmay = 0.016

100 200
step n

300

Steps [%]

801 |
60| !
w0l |

20/ !

Histogram

RE
0

Time step [s]

64At

0.016

0.014
0.012

5 0.01}

joF
)

% 0.008 |

job)

g

= 0.006 1

H

0.004

0.002

0

100

a-Method
At = 0.016

0 100 200 300

Steps [%]

80| |
60 | !
0]

20/ !

Histogram

0 T 64A¢L
Time step [s]




Flow Between 2 plates : Results (BE and aM(p))

60

T

T

T

e
o
T

Backward-Euler
a-Method (p,, = 0.01)
a-Method (p,, = 0.25)

~—a-Method (ps = 0.50)
a-Method (ps, = 0.75)
a-Method (p., = 0.99)

[
o
T

=1 . .

2At

4At

8At 16At
Time Step

32At

64At
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Flow around a circular cylinder at R, = 1000

Coefficients for comparison:

v=U,0,=0 (Lift Coefficient)
: - Fr(t)
CrL(t) = ——
5D L(t) %p U2D
vx=ci:y=0 _SD? g ] (Drag Coefficient)
D Fp(t)
5D Cp (t) — 1 V2 D
§p %)
|
leizyo (Strouhal number)
Idelsohn et.al. (2013) S; = fTD

Idelsohn, S. R., Nigro, N. M., Gimenez, J. M., Rossi, R., & Matrti, J. M. (2013). A fast and accurate method to
solve the incompressible Navier-Stokes equations. Engineering Computations.

Idelsohn, S., Nigro, N., Limache, A., & Ofate, E. (2012). Large time-step explicit integration method for solving
problems with dominant convection. Computer Methods in Applied Mechanics and Engineering, 217, 168-
185.
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Flow around a circular cylinder

v

A 4

v

» »
» »

A 4
A 4
A\ 4

.
. L] .
. . .

. .
. .
IR L A R I
.
o ®

cccc
.....

., L
...............
.............

..........

................

.
.
. e * . « *

.
oooooo
. . . - .

. . . P . . .

. . . .
..............

v

Num. Initial Particles
Input velocity
Density

Dynamic viscosity
Simulation span
Maximum time step
Initial time step

v

\ 4
v
\ 4
v
v
v

This work Idelsohn et.al (2013)
: 2200 44520
:1m/s =
: 1 kg/m3 = (I guess)
:0.001 Pa s. = (I guess)
: 50 seconds 25 sec.
:0.005/0.01/0.02/0.04 0.025
:0.0001 PFEM-2

(Eulerian)

® @ @ Fixed
® ® ® Free

Input
Output

Idelsohn et.al (2012)
77000

= (l guess)
= (I guess)
70 sec.

(variable)
PFEM-2
(Lagrangian)



Flow around a circular cylinder

v

> > > > > > >

To be compared:

(Strouhal number)

St — f—D
U
This work Idelsohn et.al (2013)  Idelsohn et.al (2012)

Num. Initial Particles :2200 44520 77000
Input velocity :1m/s = =
Density : 1 kg/m3 = (I guess) = (I guess)
Dynamic viscosity : 0.001 Pa s. = (I guess) = (I guess)
Simulation span : 50 seconds 25 sec. 70 sec.
Maximum time step  :0.005/0.01/0.02 /0.04 0.025 (variable)
Initial time step :0.0001 PFEM-2 PFEM-2

(Eulerian) (Lagrangian)



Flow around a circular cylinder

2 T T T T T
- (Strouhal number)
3)
e g, — fD
S t
S . : U
& -lr : o~ Spline interpolation | 7
— Simulation

-2 I 1 I | | ) .

20 25 30 35 40 45 50 This work Where:

time [s] Cycles

~ time period

Lift Coefficient

Idelsohn et.al (2012)‘ St = 0.2415

(Lagrangian)
Cl - OpenFOAM
5 - i i i o —— Idelsohn et.al (2013) - St = 0.2475
5 10 15 20 25 (Eulerian)

Time [s]



St

Flow around a circular cylinder w-

0.26 |

0.23 §

0.22 |

0.21

0.19

0.18 L P —
0.005 0.01

0.2 |

L |[= = =Idelsohn (2012)
| |——a-Method (p., = 0.99)
| |—=—Backward-Euler

Idelsohn (2013)

1

0.24 |

1

0.02

Maximum time step

0.04

Steps [%]

Steps [%)]

Steps [%)]

Steps [%]

Histograms

80 -

60 -

a0}

At g = 0.005

B-E & a-M

Exactly the same for

Time step [s]

100 —

80 F

60 -

40 -

Atygr = 0.01

100

Time step [s]

x 1073

80

60 -

40}

Aty = 0.02

Time step [s]

0.02

Aty = 0.04

Time step [s]

0.04




3. Explicit time integration scheme
used in PFEM-2
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Study on the explicit time integration used in PFEM-2

Motivation: Search for numerical schemes that allow the use of large time steps.
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Study on the explicit time integration used in PFEM-2

Motivation: Search for numerical schemes that allow the use of large time steps.

Pchar = 0.0073 Pchar = 0.00365 Pehar = 0.001825 Pehar = 0.0009125

Noare = 1000 Noart = 3600 Noare = 13600 Noart = 52800
Atmax = 0.001  Atpax = 0.001 Atpmax = 0.001 Atpmax = 0.001
Neteps = 783 Nyteps = 969 Nyteps = 1385 Nyteps = 2126

(Using Backward-Euler)
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Study on the explicit time integration used in PFEM-2

Motivation: Search for numerical schemes that allow the use of large time steps.

Pchar = 0.0073

Npart — 1000
Atmax = 0.001
Nsteps = 783

wh wh l wl :
R ST — T | [ [ [T . llllllllllll.. __________ I
0.0001 0.0005 0.0010 0.0001 0. 5 0.0010 0.0001 0.0005 0.0010
Time step [s] Ti y Time step

Pchar = 0.00365 Pehar = 0.001825 Pehar = 0.0009125

Npart = 3600 Npare = 13600 Npart = 52800
Atmax = 0.001 Atpmax = 0.001 Atmax = 0.001
Nsteps — 969 Nsteps — 1385 Nsteps — 2126

(Using Backward-Euler)
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Study on the explicit time integration used in PFEM-2

Motivation: Search for numerical schemes that allow the use of large time steps.

20+

Pchar = 0.0073

Npart — 1000
Atmax = 0.001
Nsteps = 733

wh i ol l
R ST — , I-Illlllll-- ------------ llllllllllll.. __________ I
0.0001 0.0005 0.0010 005 0.0010 0.0010
Time step [s] Time st p [s]

~\3

—
Ny
: —
ol —
2 : —y
=
e B

—_—

Pchar = 0.00365 Pehar = 0.001825 Pehar = 0.0009125

Npart = 3600 Npare = 13600 Npart = 52800
Atmax = 0.001 Atpmax = 0.001 Atmax = 0.001
Nsteps — 969 Nsteps — 1385 Nsteps — 2126

(Using Backward-Euler)
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Study on the explicit time integration used in PFEM-2

Known: Xn, Vn, Vpn
1) Setk=0
2) Initial guess: X = Xj

3) While (convergence is not reached)

3.1) Compute:
Apg(xk, Vi)

bpEg (XK, Vi, Vk)

3.2)Solve :Aprquni1 = bpg
3.3) Update :Xp =X, + At viiq

3.4) Set k=k+1

4) Set . dn+1 = gk

Update: Xn11 = X + At v

Pchar = 0.0009125

5) RE-MESH (if necessary)
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Study on the explicit time integration used in PFEM-2

Known: Xn, Vn, Vpn
1) Setk=0
2) Initial guess: X = Xj

3) While (convergence is not reached)

3.1) Compute:
Apg(xk, Vi)

bpEg (XK, Vi, Vk)

3.2) Solve : ABg Quni1 = bpg
3.3) Update :Xp =X, + At viiq

+ RE-MESH (if necessary)
3.4) Set k=k+1

4) Set . dn+1 = gk

Update: Xn11 = X + At v

Pchar = 0.0009125

5) RE-MESH (if necessary)
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Study on the explicit time integration used in PFEM-2

{ 0} ol I { |
- T , --Illlllllu- ........... lllllllllllll- __________ l
0.0010 0.0005 1.0010 10

.............

henar = 0.0073 Pchar = _ 0.00365 hope = 0.001825  hupar = 0.0009125
Nyteps = 783 Nyteps = 969 Nyteps = 1385 Nyteps = 2126

Wlth Remeshing inside non- -linear algorlthm

100 ; : — 100 iRy : 100 —
80+ ] P\l)—i ] 8()-; e~0
- 60+ 1 60t 17 o60) 1 60!
ol | a0} | a0l | w0l
20 | 20 20
0= PR 0=
0.0001 0.0005 0.0010 0.0001 0.0005 0.0010 0.0001 0.0005 0.0010 0.0001 0.0005 0.0010
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Study on the explicit time integration used in PFEM-2
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With Remeshing inside non-linear algorlthm
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Study on the explicit time integration used in PFEM-2

Known: Xn, Vn, Vpn
1) Setk=0
2) Initial guess: X = Xj

3) While (convergence is not reached)

3.1) Compute:
Apg(xk, Vi)

bpEg (XK, Vi, Vk)

3.2) Solve . ABE dn+1 = bBE ‘Xk?
3.3) Update :Xp =X, + At viiq

+ RE-MESH (if necessary)
3.4) Set ck=k+1

4) Set : On+1 = dk Using

Backward- ‘ X e 1
Euler

Update: Xn11 = X + At v

Pchar = 0.0009125

5) RE-MESH (if necessary)
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Study on the explicit time integration used in PFEM-2

Known: Xn, Vn, Vpn
1) Setk=0
2) Initial guess: X = Xj

3) While (convergence is not reached)
3.1) Compute:
Apg(xk, Vi)

bpEg (XK, Vi, Vk)

3.2) Solve : ABg Quni1 = bpg

3.3) Update : Xi ~Use a m(?re accurate
Integration scheme

+ RE-MESH (if necessary)
3.4) Set k=k+1

4) Set : On+1 — Yk

Update: Xn11 = X + At v

1)
o
™
(@]
(-
@)
<
()
I
s..4
oy
~
@]
=

5) RE-MESH (if necessary)
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Study on the explicit time integration used in PFEM-2

tnt1
Var1(Xp 1) = va(xD) + v(T,xP)dr (1)
tn
tnt1
X, = Xh + v (T, xP)dT (2)
tn

2) Assume v(7,xP) constant between|tn, tnt1] and-areunda

See, for instance:

Dialami, N., Chiumenti, M., Cervera, M., De Saracibar, C. A., & Ponthot, J. P. (2015). Material
flow visualization in friction stir welding via patrticle tracing. International Journal of Material
Forming, 8(2), 167-181.

Marti, J., & Ryzhakov, P. (2020). Improving accuracy of the moving grid particle finite element
method via a scheme based on Strang splitting. Computer Methods in Applied Mechanics and
Engineering, 369, 113212.

Idelsohn, S., Nigro, N., Limache, A., & Onate, E. (2012). Large time-step explicit integration
method for solving problems with dominant convection. Computer Methods in Applied
Mechanics and Engineering, 217, 168-185.
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Study on the explicit time integration used in PFEM-2
tn_|_1
Va1 (Xpy1) = Va(xD) + / v(T,x2)dr (1)
tn

tnt1
XP,, = xP / v(r,x2)dr (2)
t

n

2) Assume v(7,xP) constant between|tn, tnt1]-and-arounde?

2.a) Assume v(7,xP) = v(t,,x2) = v, (xP)

tn_|_1
Vit (O0) = Vo) + [ Vala)ar g

Space D b fnt1 D\
Discretization: Vin+1 (Xn—i—l) = Vn (Xn) T NI (XT)VH,IdT (4)
tn
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Study on the explicit time integration used in PFEM-2

Time m
Discretization: Vn+1(XE+1) = vp(xP) + Z OtNT (XE+L )V (5)
i=1 "
Where : m is the number of sub-steps discretizing the time step At
_ _ At
Jt is the sub-time step computed as: 0t = —
m
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With Remeshing inside non-linear algorithm
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With Remeshing inside non-linear algorithm + more accurate Integration (for position)

Nytops = 1442
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Study on the explicit time integration used in PFEM-2

From Dam Break:
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Time step [s]

Study on the explicit time integration used in PFEM-2
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Study on the explicit time integration used in

Time step [s]
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Study on the explicit time integration used in PFEM-2

Reference (hehar = 0.001825)  + Remeshing (N-L loop)
+ XIVS integration
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Study on the explicit time integration used in
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To do ...

* Compare

Formulation . i
. Velocity-Pressure Position-Pressure
Integration

-- Using --

Backward-Euler

a-Method

0 0.1020304050607 0809 1

Oden & Jacquotte (1984)

+ XIVS (or Runge-Kutta)




To do ...

* Compare

 Similar study for the Fractional Step
* C++ implementation (PFEM3D)

* Include thermal simulation (as Marti & Ryzhakov)*

* Marti, J., & Ryzhakov, P. (2020). An explicit/implicit Runge-Kutta-based PFEM
model for the simulation of thermally coupled incompressible

flows. Computational Particle Mechanics, 7(1), 57-69.
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